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Abstract 



Q^' In the context of Chern-Simons (CS) Theory, a subspace separation method for the Lagrangian 

. is proposed. The method is based on the iterative use of the Extended Cartan Homotopy Formula, 

. ^ , and allows one to (1) separate the action in bulk and boundary contributions, and (2) systematically 

' split the Lagrangian in appropriate reflection of the the subspace structure of the gauge algebra. 

In order to apply the method, one must regard CS forms as a particular case of more general 
objects known as transgression forms. Five-dimensional CS Supergravity is used as an example to 
illustrate the method. 
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I. INTRODUCTION 



Chern-Simons theory has been the subject of much interest in past decades. Its rele- 
vance for the formulation of higher- dimensional Supergravity models has been highlighted 
in, e.g., |l, y, ^, y, 5], y, Q]. It has even been suggested that they could provide with an 
action for M Theory in eleven dimensions 

Since superalgebras come naturally split into distinct subspaces, it becomes essential, in 
order to get a taste of the theory's physical content, to be able to let this structure be felt 
on the Lagrangian itself. In other words, one must have a way to separate the Lagrangian 
into pieces that reflect the inner subspace structure of the gauge superalgebra. 

In dimensions higher than three, the CS form becomes a nonlinear function of the gauge 
potential A and its associated field strength F. This nonlinearity and the complexities of 
the superalgebras themselves make for a huge difficulty when it comes to performing the 
above-mentioned subspace separation. 

The main aim of this paper is to present a method, based on the iterative use of the 

ri 

Extended Cartan Homotopy Formula (ECHF) [8|, which greatly eases the accomplishment 
of two important tasks. First, it allows the separation of the CS action into bulk and 
boundary contributions. Second, and perhaps most importantly, it permits the splitting of 
the bulk Lagrangian into pieces that reflect the particular subspace structure of the gauge 
algebra. 

The formulation of the method requires regarding CS forms as particular cases of more 
general objects known as transgression forms. The Transgression Form is the matrix where 
CS forms stem from [o], [lo| . It depends on two one-form gauge connections A and A and 
features prominently on the Chern-Weil Theorem , which expresses its exterior derivative 
as the difference of the Chern characters corresponding to both connections. A crucial 
feature of the transgression form is its full invariance under gauge transformations. The CS 
form corresponds to the case A = 0; its well-known pseudo-gauge invariance can be traced 
back to the fact that this fixing is not a gauge-invariant one [23l ]. 

The paper is organized as follows. In Section [ITl some general properties of transgression 
forms are reviewed. Section IIIII presents the ECHF and shows how a subspace separation 
method that allows for a deeper understanding of the CS Lagrangian can be built upon it. 
Five-dimensional CS supergravity (SUGRA) is recalled in Section IIVI as an example of the 
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use of the Method within the Transgression/ CS framework. We close with conclusions and 
final remarks in Section |Vl 



II. CHERN SIMONS THEORY AND TRANSGRESSION FORMS 



Let g be a Lie Algebra 2J] and let us consider the theory defined on an orientable, 



(2n + l)-dimensional space-time manifold M by the action 

4'"+^) [A, A]=k [ g5J:L+i) 



11 



12 



3,Q, 
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13,1181, 



(1) 



where is a constant and the (2n + l)-form Q^^^^ is the so-called transgression form, 
defined by 

^Ta =in + i) f dt {ern . (2) 



Q'IZa ={n + l) dt {OF-) . 
Jo 



Here A and A are two g-valued, one-form gauge connections, and 

6 = A-A, 
At = A + t0, 
Ft = dAt + A\. 

The brackets (■ ■ ■ ) stand for a rank n + 1, symmetric g-invariant polynomial. 



(3) 
(4) 
(5) 

(6) 



(■••): X ■ ■ ■ X fl -.M. 

n+l 

The choice, and the very existence of this bracket are all too important features that shape 
the theory to a great extent. Here it will suffice to remark that, given an explicit matrix 



20|) 



representation for g, it is always possible to find such a polynomial f25| (see Ref. 
Clearly, the CS action can be regarded as the particular case A = 0. 

The action ([1]) is invariant under two large sets of independent symmetries. First, it is 
trivially invariant under diffeomorphisms, since it is constructed out of differential forms. 
Second, it is invariant under the (in general) non-abelian, local gauge transformations 



A' = g[A-g-^dg)g-^ 
A^A = g[A-g-^dg)g-^ 



(7) 
(8) 



with g [x] = exp (A^^ (x) Ga) , where {Ga, A = 1, . . . , dim (g)} is a basis for g. The connec- 
tions A and A are regarded here (and throughout this work) as local one-form on spacetime 



rather than as global objects on the corresponding fiber-bundle, thus accounting for the 
transformation laws ©-([H]). From these transformation laws one can readily check that 0, 
defined in Equation ^ as the difference between both connections, transforms as a tensor, 
i.e. 

e-.e' = gOg-\ (9) 

In terms of a fiber-bundle description, these different behaviors correspond to the fact that 
the global fiber-bundle connections are not proiectable to the base manifold whereas their 

nn 

difference is (see, e.g., Refs. |9|,115i). 

The full invariance of the action ([1]) under ©-([H]) rests on the invariance property of the 
symmetric polynomial (■ ■ ■ ) and on the tensor transformation laws for both 6 and Ft. It is 
also deeply related to the Chern-Weil Theorem, see [o], Q, Q • 

In the CS case, where A = from the outset, this full invariance is reduced to pseudo- 
invariance. This is a consequence of the fact that the fixing A = is not a gauge-invariant 



one (see, e.g., Refs. jol. [igI. Il7l|). 



However straightforward to establish, both the diffeomorphism and the gauge symmetries 



are far-reaching, as is proved by the fact that they lead to nontrivial conserved charges Ig, 

The field equations for the transgression action ([T]) read 

(F"G^) = 0, (10) 

(F^Ga) = 0, (11) 

and the boundary conditions are 

= 0. (12) 



/ dt{SAteFr') 

Jo 



dAI 

A deeper analysis of the physics produced by the transgression Lagrangian can be found 
in 
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17j. For the CS case, only Equation (ITUl) is present. 



III. THE ECHF AND THE CS SUBSPACE SEPARATION METHOD 

As made apparent in Section Ull the CS and transgression Lagrangians allow by themselves 
for a general understanding of the formal aspects of the theory. The detailed physical be- 
havior, however, is highly dependent on the choice of gauge group and invariant polynomial. 
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Since gauge groups used in practice often have distinct physically meaningful subspaces, it 
is useful to write the Lagrangian in such a way as to reflect this structure. 

The following sections outline a Subspace Separation Method for CS and Transgression 
Lagrangians. The method is based on a particular case of the Extended Cartan Homotopy 
Formula, which is reviewed for completeness in Section fill A[ 



A. The Extended Cartan Homotopy Formula 

Let us consider a set {Aj, z = 0, . . . , r + 1} of one-form gauge connections on a fiber- 
bundle over a d- dimensional manifold M and a (r + l)-dimensional oriented simplex T^+i 
parametrized by the set {f , i = 0, . . . , r + 1}. These parameters must satisfy the constraints 



f > 0, z = 0, ...,r + l, (13) 



r+l 

= 1. (14) 
Equation (|T4l) in particular implies that the linear combination 

r+l 

Ai = 5^fA, (15) 

transforms as a gauge connection in the same way as every individual A, does. We can 
picture each Aj as associated to the i-th vertex of T^+i (see Figured]), which we accordingly 
denote as 

Tr+l = (AoAi ■ • ■ Ar+l) . (16) 

With the preceding notation, the ECHF reads jsl 

/ fi^= / ^L^d7r+(-l)^+M / j^^TT. (17) 

JdT^^, Jt^^, iP +1)! Jt^^, (P + 1)! 

Here tt represents a polynomial in the forms {A^, i^j , d^A^, dt-F^} which is also an m-form 
on M and a g-form on T^+i, with m > p and p + q = r. The exterior derivatives on M 
and Tr+i are denoted respectively by d and dj. The operator It, called homotopy derivation, 
maps differential forms on M and T^+i according to 

It : fi'' (M) X Q'' (Tr+i) Q""^ (M) x Q^+^ (T^+i) , (18) 
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FIG. 1: A two-dimensional simplex T2 = (AqAi A2) and its boundary, 8X2 = {A1A2) — (A0A2) + 
(AqAi). The one-form gauge connections Aq, Ai and A2 are pictured as associated to the simplex 
vertices. 



and it satisfies Leibniz's rule together with d and d*. Its action on At and Ft reads 

ItFt = dtAt, 
hAt = 0. 

The three operators d, dt and k define a graded algebra given by 



(19) 
(20) 



d^ 

[h,dt] 

{d,da 



0, 
0, 

dt, 
0, 
0. 



(21) 
(22) 
(23) 
(24) 
(25) 



Let us now pick the following polynomial: 



7r 



(26) 



This choice has the three following properties: (1) n is M-closed (26|, i.e., dvr = 0, (2) tt is a 
0-form on T^+i, i.e., q = and (3) tt is a {2n + 2)-form on M, i.e., m = 2n + 2. The allowed 
values for p are p = 0, . . . ,2n + 2. The ECHF reduces in this case to 

We call Equation fl271) the 'restricted' (or 'closed') version of the ECHF. 



(27) 
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A first well-known particular case of the ECHF is the Chern-Weil theorem. Setting p = 
in Equation fl27|) one readily finds 

{Fr') - (Ft') = dQ'Ztl, (28) 

where the transgression form Q^Ai^X) ^^^^^ ^'^ t)e defined by 

= (n + l) [ dt{iA,-Ao)FI^). (29) 

A second particular case which is directly relevant in the present context corresponds to 
setting p = 1 in Equation (1271) , 

/ /, (Fr^> = -d / I {Fr') , (30) 

JdT2 JT2 ^ 

where Ft is the curvature corresponding to the connection = Aq + t^Ai + t^A^. The 
boundary of the simplex T2 = (A0A1A2) may be written as the sum (see Figure [I]) 

a (AoAi A2) = (Ai A2) - (A0A2) + (AoAi) , (31) 

so that the integral in the left-hand side of ( !30l) is decomposed as 

/ li {Fr') = [ It {Fr') - [ h {Fr') + / h {Fr') . (32) 

JdT2 J{AiA2) J{AoA2) J{AoAi) 

Each of the terms in this equation corresponds to what was called before a transgression 
form: 

/ {Fr') = Q'ltl - Q'Ztl + Q'Ztl . (33) 
On the other hand, Leibniz's rule for It and Equation (fT9|) together imply that 

/ I (i^r^) = \n{n + l)f {{.ItAtf Fr') . (34) 
J T2 'J T2 

Integrating over the simplex one gets 

72 



/ \{Fn=QZU^M. (35) 
JT2 



where qJ^-Ai^Aq is given by 



QZIm^a, ^n{n + l) f dt f ds {{A, - A,) {A, - A,) F^') ■ 

Jo Jo 



(36) 



In f l36p we have introduced dummy parameters t = 1 — and s = t"^, in terms of which At 
reads 

At = Ao + s (A2 - Ai) + t (Ai - Ao) . (37) 
Putting everything together, we find the Triangle Equation 

^(2n+l) ^(2n+l) ^(2n+l) _ i^(2n) /oo^ 

or alternatively 

^(2n+l) _ ^(2n+l) ^(2n+l) J^^^") ('QQ^ 

We would like to stress here that use of the ECHF has allowed us to pinpoint the exact form 
of the boundary contribution Qa^^Ai^Aq' Equation (!36|) . 

B. The Subspace Separation Method 

In Section UlIAI the ECHF was reviewed in detail and two particular cases were examined. 
In this section, a subspace separation method for CS Lagrangians is built upon the second 
of them, namely, the triangle equation: 

Qttl = Qttl + Qttl + dQtU^A. ■ (40) 

The triangle equation (l40l) splits a transgression form Q^^^Ao sum of two transgres- 

sion forms depending on an 'intermediate' connection Ai plus an exact form. The detailed 
form of Qa"^Ai^Ao ^^ads [cf. Equation (1361) ] 

QmIa.^Ao ^n{n + l) f dt f ds {{A, - A,) {A, - A,) F^') , (41) 

Jo Jo 

where Fgt is the curvature corresponding to the 'interpolating' connection 

A,t = Ao + s (A2 - Ai) + t (Ai - Ao) . (42) 

It is worth stressing that, while each term in the right-hand side of (l40l) depends on the 
intermediate connection Ai, they do so in such a way that their sum depends solely on A2 
and Aq, matching what is found in the left-hand side. 

The subspace separation method is based on the triangle equation ( HOi) . and embodies 
the following steps: 
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1. Identify the relevant subspaces present in the gauge algebra, i.e., write g = Vq(B- ■ -(BVp. 

2. Write the connections in terms of pieces valued on every subspace, i.e., A = aQ + ■ ■ ■ + 
ap, A = tto H H «p- 

3. Use Equation fHU]) with 

Ao = A, (43) 

Ai = ao + --- + ap-i, (44) 

A2 = A. (45) 

4. Repeat step 3 for the transgression Qai^Aq, etc. 

After performing these steps, one ends up with an equivalent expression for the trans- 
gression Lagrangian which has been separated in two different ways. First, the Lagrangian 
is split into bulk and boundary contributions. This is due to the fact that each use of Equa- 
tion fl40l) brings in a new boundary term. Second, each term in the bulk Lagrangian refers to 
a different subspace of the gauge algebra. This comes about because the difference A2 — Ai 
is valued only on one particular subspace. 

This method will be demonstrated with an example in Section IIVI 



IV. A SEPARATION EXAMPLE: FIVE-DIMENSIONAL CS SUGRA 



In order to highlight the way in which the subspace separation method sketched in Sec- 
tion [Till is used in practice, in this section we apply it to a simple five-dimensional case. 

The standard five- dimensional CS Supergravity uses the A/'-extended AdS Su- 

peralgebra u(4|A/'). This algebra is generated by A^^™, K, Pa, Jab, Qf, Qa, where the 
following physically meaningful subspaces are present: 



1. a u (A/") subalgebra, generated by Ar^*" and K, 

2. an AdS subalgebra, generated by Pa and Jab, 

3. and a fermionic subspace, generated by the Dirac spinors and Q^. 

One may also go one step further and separate the u (A/") subalgebra in su (A/") plus an 
abelian part and the AdS subalgebra in the Lorentz Algebra plus AdS boosts. 



An essential ingredient in this construction is the symmetric invariant polynomial (■■■). 
In the present case this will be simply given by the super symmetrized supertrace of the 
product of three supermatrices representing as many generators in u(4|A/'). We use Dirac 
Matrices in d = 5 to represent the AdS generators, while for the rest we choose the adjoint 
representation 16|. 



The CS Lagrangian is given by 



where 



Ao = 0, (47) 
As = a + b + e + uj + ip-il), (48) 



with 



e = e'^Pa, (49) 

u; = ^u-'Jab, (50) 

a = a^\M^-, (51) 

h = bK, (52) 

^ = €Qt (53) 

^ = Qlr^. (54) 

In order to apply the subspace separation method to the Lagrangian (146|) we introduce 
the following set of intermediate connections: 

Ai = a;, (55) 

As = e + a;, (56) 

A3 = & + e + a;, (57) 

A4 = a + b + e + uj. (58) 

Repeated use of the triangle equation ( 140|) now allows us to split the Lagrangian ( 146|) as 

= + + Lf + Lf + dSiSra, (59) 
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where 



= kQ%^^„ (60) 

= fc^S^Aa, (61) 

Li'^ = kQ%^^,, (62) 

L^:^ = kQ%^^,, (63) 

and 

-^iugra = ^Qa5^A4^Ao + ^Qa^^As^Aq + ^Qa3^A2^Ao + ^Qaz^Ai^Aq- (^4) 

A few comments are in order. Ignoring for the moment the boundary contribution i^iugra, we 
see that all dependence on the fermions has been packaged in L\p , which we call 'fermionic 
Lagrangian'. Similarly, La and Lj, correspond to pieces that are highly dependent on a 

(5) (5) 

and b respectively, although some dependence on a and b is also found on L\p . In turn, Lj, 
carries no dependence on a. The last piece, Le , corresponds to an Lanczos-Lovelock-type 



Lagrangian for gravity 



22 



Explicit versions for every piece may be easily obtained by going back to the definition 
of a transgression form. This amounts to a huge difference with the case where there is no 
tool to perform the separation. Using only the CS form as a starting point, calculations 
can quickly become intractable for dimensions higher than three. As a matter of fact, a 
straightforward computation gives 



= ^ (^^^^ + ^"-^"nV^™ - V^nij - V^^T^J^^) , (65) 

3 3 



a (da)^ H — a'^da H — 
^ ^ 2 5 



(66) 



where 



3^- / 2 \ 

L(f ) = — (dfe) Tr ( ada + - ^^Tr 

Lf = —Sabcde IR'^'R''' + -R^'e^e" + -e'^e^e^e'^ j e^ (68) 



+ ^(^'^' + ^e'^e'' + lv^rV)r„,, (69) 

•^'"n = /'"n - ^^'"^n. (70) 
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The Lagrangian for the su (TV) field a includes both a CS term for d = 5 and a CS term for 
d = 3, the latter being suitable multiplied by the field-strength for the 6-field, db. 

Explicit expressions for the boundary terms can be also easily obtained replacing Equa- 
tion fKTl) in flM|) . in stark contrast with the standard usual case, where multiple, iterative 
integrations by parts must be performed. 



V. CONCLUSIONS 



In this paper some general features of transgression forms used as Lagrangians for gauge 
field theories were briefiy reviewed. 

A concrete theory is obtained from the general framework by picking a (super) algebra 
and a symmetric invariant tensor for it. It then becomes important to extract physical 
information from the Lagrangian. A crucial step in this direction is the separation of the 
Lagrangian in a way that refiects the inner subspace structure of the gauge algebra. This 
is especially true in the case of higher- dimensional supergravity, where superalgebras come 
naturally split into distinct subspaces. Performing this separation using only Leibniz's rule 
and the definition of a CS form becomes a painstakingly hard task in dimensions higher 
than three, due to the nonlinearities present in the CS form. 

To ease this task we have presented a method, based on the iterative use of the ECHF, 
which allows one 

1. to separate the Lagrangian in bulk and boundary contributions, and 

2. to easily and systematically split the Lagrangian in order to appropriately refiect the 
subspace structure of the gauge group (as was illustrated in Section [IV] by means of 
an explicit example). 

The usefulness of the method has been highlighted by means of an example provided by 
five-dimensional CS SUGRA. Different scenarios where the Method is applicable are further 
examined in Ref. 161 and also, in the context of an eleven-dimensional gauge theory for the 
M Algebra, in Ref^|. 

It is interesting to note that, in order to use the Method, one must regard CS forms as a 



particular case of transgressions. This strongly suggests that they could take central stage 



on their own ,[i2l,HQ,[i5l,Q,0,Q, 



119|. 
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